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This paper considers the problem of determining the nonlinear bimodular stiffness properties, i.e., the
tensile and compressive Young’s moduli and Poisson’s ratios, and the shear modulus, of particulate com-
posite materials with particle–matrix interfacial debonding. It treats the general case in which some of
the particles are debonded while the others remain intact. The Mori–Tanaka approach is extended to for-
mulate the method of solution for the present problem. The resulting auxiliary problem of a single deb-
onded particle in an inﬁnite matrix subjected to a remote stress equal to the average matrix stress, for
which Eshelby’s solution does not exist, is solved by the ﬁnite element method accounting for the parti-
cle–matrix separation and contact at the debonded particle–matrix interface. Because of the nonlinear
nature of the problem, an iterative process is employed in calculating the stiffness properties. The pre-
dicted stiffness properties are compared to the exact solutions of the stiffness properties of particulate
composites with body-centered cubic packing arrangement.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Particle–matrix interfacial debonding is one of the fundamental
damage mechanisms of particle-reinforced composite materials.
Stiffness reduction inevitably results from the presence of debond-
ed particles. It is of interest to predict the stiffness change of par-
ticulate composites as a function of the extent of particle–matrix
debonding, particularly from the viewpoint of damage tolerant de-
sign of composite structures.
A great number of studies have been done on stiffness predic-
tions for composites with inclusion-matrix interfacial debonding,
particularly in the context of continuous and discontinuous ﬁber
composites (see, for instance, Lee and Simunovic, 2001; Raghavan
and Ghosh, 2005; Takahashi and Chou, 1988; Zhao and Weng,
2002; Zheng et al., 2000). For particulate composites with interfa-
cial debonding, see Liu et al. (2004) and Tan et al. (2007). Many of
those studies are based on the Mori–Tanaka model as originally
developed for perfectly bonded inclusions, and the nonlinear prob-
lem of inclusion-matrix separation and contact at the debonded
interface is not considered. Instead, the debonded inclusions are
replaced by equivalent inclusions that are perfectly bonded to
the matrix but have the same mechanical behavior, in an average
sense, as the debonded inclusions. And the Mori–Tanaka results
for composites with the perfect inclusion-matrix interface are then
directly applied to composites with the debonded interface. The
debonded inclusion-matrix interface can transfer compressive
stress through inclusion-matrix contact but not tensile stress duell rights reserved.to inclusion-matrix separation, leading to the bimodular behavior,
i.e., different tensile and compressive stiffness properties. By failing
to take into account the inclusion-matrix separation and contact at
the debonded interface, the equivalent inclusion method either
does not capture the bimodular properties or gives highly approx-
imate results.
Stiffness prediction is relatively simple to carry out for compos-
ite materials of periodic inclusion packing arrangement with all the
inclusions debonded. This permits the use of a repeating unit cell
with periodic boundary conditions, and composite stiffness prop-
erties can be readily determined. However, damage is a progressive
and cumulative process, and the case in which all the reinforce-
ments are debonded represents only the ﬁnal stage of the damage
process. It is therefore important to determine the evolutionary
change in stiffness properties with progressing inclusion-matrix
interfacial debonding.
In this paper we consider the problem of predicting the nonlin-
ear bimodular stiffness properties, that is, the tensile and compres-
sive Young’s modulus and Poisson’s ratio, and the shear modulus,
of particulate composites with particle–matrix interfacial debond-
ing. Since it is impractical to include all possible conﬁgurations of
inclusion-matrix debonding in a micromechanics model for stiff-
ness prediction, invariably a certain debonding conﬁguration needs
to be assumed. In some of the studies of short-ﬁber composites the
precise conﬁguration of ﬁber–matrix debonding is not explicitly
deﬁned (e.g., Lee and Simunovic, 2001). In Takahashi and Chou
(1988) debonding is assumed to take place over the entire inter-
face. In Tandon and Pagano (1996) and Teng (1992a) the debond-
ing conﬁguration consists of two symmetrically located interface
cracks, while in Ju (1991) a single interface crack is considered.
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tribution of interface crack or debonding (Teng, 1992b). In this
study we consider the important limiting case in which the entire
particle–matrix interface is debonded. The limiting case of com-
plete interfacial debonding provides the lower bound on composite
stiffness for all possible conﬁgurations of interfacial debonding.
The Mori–Tanaka method is extended to determine the nonlin-
ear stiffness properties of a particulate composite containing deb-
onded particles. This requires the solution of the stress and strain
ﬁelds of a single debonded particle in an inﬁnite matrix under an
arbitrary remote stress ﬁeld. The ﬁnite element method is used
to obtain the solution.
2. Formulation
Consider a particle-reinforced composite material with parti-
cle–matrix interfacial debonding. Its effective stiffness properties,
namely, Young’s modulus and Poisson’s ratio, and the shear mod-
ulus, are to be determined. It is assumed that the particles and
the matrix are homogeneous, isotropic and linearly elastic, that
the particles are identical spheres, and that the debonded parti-
cle–matrix interface is smooth or frictionless. We consider the gen-
eral case in which some particles are debonded while the others
remain intact or perfectly bonded. Fig. 1 illustrates a particulate
composite with both intact and debonded particles.
Deﬁne a Cartesian coordinate system (x1,x2,x3). When a repre-
sentative volume element of the composite is subjected to the trac-
tions Ti ¼ r0ijnj consistent with a uniform stress ﬁeld r0ij over its
boundary surface with the outward unit normal ni (i, j = 1,2,3),
the composite volume average stresses rij are equal to r0ij and
can be expressed as
rij ¼ r0ij ¼ ð1 ndpÞcp rpij þ ndpcp rdpij þ ð1 cpÞrmij i; j ¼ 1;2;3 ð1Þ
where rpij are the components of the average stress over the volumeof
the intact particles, rdpij are the components of the average stress over
the volume of the debonded particles, and rmij are the components of
thematrix volume average stress. In (1) cp is the particle volume frac-
tion and ndp is the fraction of debonded particles equal to the ratio of
the number of debonded particles to the total number of particles.
The debonded particle fraction has values between 0 and 1, with
the value 0 corresponding to all the particles being perfectly bonded
and the value 1 corresponding to all the particles being debonded.
The components of the volume average strain of the composite
are given by
eij ¼ ð1 ndpÞcpepij þ ndpcpedpij þ ð1 cpÞemij þ Cij i; j ¼ 1;2;3 ð2ÞIntact particleDebonded particle
Particle-matrix debonding
Fig. 1. A particulate composite material with particle–matrix interfacial debonding
under loading.where epij are the components of the phase average strain over the
volume of the intact particles, edpij are the components of the phase
average strain over the volume of the debonded particles, and Cij
are the components of the part of the composite average strain
attributed to particle–matrix interfacial debonding, which are given
by
Cij ¼ 12V
Z
Sdp
ð½uinj þ ½ujniÞdS ð3Þ
In (3) V is the volume of the composite representative volume ele-
ment, Sdp denotes the total area of all the debonded particle–matrix
interfaces, [ui] are the components of the displacement jump across
the debonded interface, and ni are the components of the unit nor-
mal to the interface with the positive direction of the normal point-
ing towards the matrix material.
Since the terms Cij (i, j = 1,2,3) represent the part of the com-
posite average strain due to particle–matrix interfacial debonding,
it is more appropriate to write these terms as the averages over the
volume Vdp of the debonded particles as follows:
Cij ¼ cpndpcij ð4Þ
with
cij ¼
1
2Vdp
Z
Sdp
ð½uinj þ ½ujniÞdS ð5Þ
We describe cij as the average strain of the debonded particles due
to interfacial debonding. Using the stress–strain relations for the
particle and the matrix material the composite average strain can
be expressed as
eij ¼ ð1 ndpÞcpSpijklrpkl þ ndpcpSpijkl rdpkl þ ð1 cpÞSmijkl rmkl þ ndpcpcij
ð6Þ
where Spijkl and S
m
ijkl are the components of the elastic compliance
tensors of the particle and the matrix, respectively. Note that in
(6) the repeated subscript indices k and l indicate summation.
The average stresses in both the intact and the debonded parti-
cles, and the average strain of the debonded particles due to inter-
facial debonding as expressed in terms of the surface integrals of
the displacement jumps can be evaluated by utilizing the Mori–Ta-
naka method (Benveniste, 1987). The underlying assumptions of
the Mori–Tanaka approach in the present context are (1) the aver-
age stress of the intact particles can be estimated by considering a
single perfectly bonded particle embedded in an inﬁnite matrix,
and (2) the average stress of the debonded particles and the aver-
age debonded particle strain due to interfacial debonding can be
estimated by considering a single debonded particle embedded
in an inﬁnite matrix, with the matrix subjected to a remote stress
ﬁeld equal to the average matrix stress ﬁeld.
Thus the average stress of the perfectly bonded particles can be
obtained by means of the stress concentration tensor:
rpij ¼ Bijkl rmkl ð7Þ
where Bijkl are the components of the stress concentration tensor.
The stress concentration tensor can be determined through Eshel-
by’s tensor as given in the Appendix A. No such linear relation exists
between the average matrix stress and the average stress of the
debonded particles, or between the average matrix stress and the
average debonded particle strain due to interfacial debonding. Their
relations can be written in more general forms:
rdpij ¼ rdpij ðrm11; rm22; . . . ; rm12Þ ð8Þ
cij ¼ cijðrm11; rm22; . . . ; rm12Þ ð9Þ
(a) (b)
Load transferNo load transfer
Fig. 2. A composite with particle–matrix debonding responds differently to tension
and compression. (a) Tension. (b) Compression.
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onded particle in an inﬁnite matrix subjected to a stress ﬁeld equal
to rmij at inﬁnity must be solved.
For convenience the following notations are used:
r1 ¼r11; r2 ¼r22; r3 ¼r33; r4 ¼r23; r5 ¼r31; r6 ¼r12 ð10Þ
e1 ¼ e11; e2 ¼ e22; e3 ¼ e33; e4 ¼2e23; e5 ¼2e31; e6 ¼2e12 ð11Þ
c1 ¼ c11; c2 ¼ c22; c3 ¼ c33; c4 ¼2c23; c5 ¼2c31; c6 ¼2c12 ð12Þ
The components of the compliances tensors Spijkl and S
m
ijkl are then re-
duced to Spij and S
m
ij , respectively. Likewise the components of the
stress concentration tensor Bijkl are reduced to Bij. And (1), (6) and
(7) can be rewritten as
ri ¼ r0i ¼ ð1 ndpÞcp rpi þ ndpcp rdpi þ ð1 cpÞrmi ð13Þ
ei ¼ ð1 ndpÞcpSpij rpj þ ndpcpSpij rdpj þ ð1 cpÞSmij rmj þ ndpcpci ð14Þ
rpi ¼ Bij rmj ð15Þ
i ¼ 1;2; . . . ;6
And (8) and (9) become
rdpi ¼ rdpi ðrm1 ; rm2 ; . . . ; rm6 Þ ð16Þ
ci ¼ ciðrm1 ; rm2 ; . . . ; rm6 Þ ð17Þ
i ¼ 1;2; . . . ;6
Combining (13) and (15) and using (16) yield
r0i ¼ ð1 ndpÞcpBij rmj þ ndpcp rdpi ðrm1 ; rm2 ; . . . ; rm6 Þ
þ ð1 cpÞrmi ; i ¼ 1;2; . . . ;6 ð18Þ
Once the relations (16) are known, Eq. (18) can be solved for the
average matrix stress rmi resulting from the applied stress r0i . Thus
the average matrix stress can be expressed in terms of r0i as follows.
rmi ¼ rmi ðr01;r02; . . . ;r06Þ ð19Þ
And from (15)–(17) the resulting average stresses of the intact and
debonded particles, and the average debonded particle strain due to
interfacial debonding can be determined, which may be written in
terms of r0i as
rpi ¼ Bij rmj ðr01;r02; . . . ;r06Þ ð20Þ
rdpi ¼ rdpi ðr01;r02; . . . ;r06Þ ð21Þ
ci ¼ ciðr01;r02; . . . ;r06Þ ð22Þ
Substituting (20)–(22) into (14), the composite average strain
resulting from the applied stress r0i can be obtained as
ei ¼ ð1 ndpÞcpSpijBjk rmk ðr01;r02; . . . ;r06Þ
þ ndpcpSpij rdpj ðr01;r02; . . . ;r06Þ þ ð1 cpÞSmij rmj ðr01;r02; . . . ;r06Þ
þ ndpcpciðr01;r02; . . . ;r06Þ; i ¼ 1;2; . . . ;6 ð23Þ
Noticing that the composite material under consideration is isotro-
pic, to determine its effective Young’s modulus and Poisson’s ratio,
without loss of generality a uniform stress r01, either tensile or
compressive, with r0i ¼ 0 for i– 1, is applied to the boundary
surface of the composite representative volume element. One has
r1 ¼ r01, ri ¼ 0 for i – 1. The effective Young’s modulus and Pois-
son’s ratio of the composite are deﬁned by
E ¼ r1
e1
¼ r
0
1
e1
ð24Þ
m ¼ e2
e1
ð25Þ
Similarly, to determine the effective shear modulus of the compos-
ite a uniform shear stress r06, with r0i ¼ 0 for i – 6, is applied, andone has r6 ¼ r06, ri ¼ 0 for i– 6. The effective shear modulus is de-
ﬁned by
G ¼ r6
e6
¼ r
0
6
e6
ð26Þ
The debonded particle–matrix interface can transfer compressive
normal traction through particle–matrix contact but not tensile
normal traction. A composite containing debonded particles, there-
fore, will respond differently to tension and compression, as illus-
trated in Fig. 2, and its effective Young’s modulus and Poisson’s
ratio will be different in tension and in compression. When distinc-
tion needs to be made, the tensile Young’s modulus and Poisson’s
ratio are denoted by ET and mT, respectively, and the compressive
Young’s modulus and Poisson’s ratio by EC and mC, respectively.
Otherwise the notations E and m refer to either the tensile or the
compressive properties.
It is clear from the above discussion that the crucial step in
determining the stiffness properties of the composite is the deter-
mination of the functional relations (16) and (17) that relate the
average stress of the debonded particles and the average strain of
the debonded particles due to interfacial debonding to the average
matrix stress. These relations are determined by solving the non-
linear contact problem of a debonded particle in an inﬁnite matrix
subjected to an arbitrary remote stress ﬁeld. An analytical solution
of the problem will not be feasible. Here the ﬁnite element method
is used for the solution of the problem to provide the desired func-
tional relations.3. Finite element solution
To solve the aforementioned nonlinear contact problem, a ﬁnite
element model of a debonded spherical particle embedded in an
inﬁnite matrix subjected to a remote stress ﬁeld is constructed
by using the general purpose ﬁnite element program ANSYS. Qua-
dratic isoparametric elements are used for the model with the deb-
onded particle–matrix interface modeled with contact elements.
The dimensions of the ﬁnite element model and the displacements
are non-dimensionalized by the particle radius a. The stresses are
non-dimensionalized by the applied stress r01 or r06. The subse-
quent ﬁnite element calculations are performed by using ANSYS.
Fig. 3 shows the mesh of the ﬁnite element model with only half
of the mesh of the matrix shown to reveal the mesh of the particle.
Obviously in ﬁnite element modeling an inﬁnite region can only be
modeled as a region of ﬁnite dimensions. Thus the inﬁnite matrix is
modeled as a cubic region of dimension 2l. It is found that the
dimension l/a = 10 is sufﬁcient to simulate the inﬁnite matrix re-
gion. This is veriﬁed by the fact that no appreciable differences are
found between the solution obtained from the ﬁnite elementmodel
with l/a = 10 and the solutions from two ﬁnite elementmodels with
l/a = 7.5 and l/a = 15. In addition, the ﬁnite element solution of a per-
fectly bonded particle from the ﬁnite elementmodel with l/a = 10 is
Fig. 3. Finite element model of a debonded spherical particle in an inﬁnite matrix
with only half of the mesh of the matrix shown.
Contact
Separation
(b)
Separation
Contact
(a)
Fig. 4. Regions of separation and contact at the debonded particle–matrix interface
under tensile and compressive loading. (a) Tension. (b) Compression.
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agreements are found.
For a debonded particle in an inﬁnite matrix under a remote
stress ﬁeld, regions of separation and contact will form at the par-
ticle–matrix interface as illustrated in Fig. 4. The contact region is
where the interfacial normal traction is compressive, whereas in
the separation region all tractions vanish. Since the debonded
interface is assumed to be smooth, shearing tractions vanish
throughout the entire interfacial region, and interfacial slippage
is allowed in the contact region. Denote the positive normal direc-
tion at the interface by nwith the matrix on the positive side of the
interface, and two orthogonal tangential directions by t and b. The
boundary conditions at the debonded interface can be stated as
follows.
In the separation region:
Tpn ¼ Tpt ¼ Tpb ¼ Tmn ¼ Tmt ¼ Tmb ¼ 0 ð27Þ
In the contact region:
upn ¼ umn
Tpn ¼ Tmn < 0; Tpt ¼ Tpb ¼ Tmt ¼ Tmb ¼ 0 ð28Þ
In (27) and (28), upn and umn are the normal components of the dis-
placements of the particle and the matrix, respectively, at the inter-face; Tpn; T
p
t and T
p
b are normal and tangential components of the
traction exerted on the particle at the interface; Tmn ; T
m
t and T
m
b
are the normal and tangential components of the traction on the
matrix at the interface. It should be noted that the separation and
contact regions are not known a priori, and constitute part of the ﬁ-
nite element solution.
Speciﬁcally, since a completely debonded particle–matrix inter-
face cannot support tensile normal traction but can transmit com-
pressive normal traction, the problem of complete interfacial
debonding of a particle in a matrix can be treated as that of contact
between the particle and the surrounding matrix with the contact
pressure being the compressive normal traction transmitted in the
contact region at the interface. Once the contact region at the deb-
onded particle–matrix interface is determined, it is a trivial matter
to ﬁnd the separation region since it is simply the part of the inter-
face where there is no contact between the particle and the matrix.
The crucial part of the ﬁnite element solution of the contact region
and pressure is to impose the material non-penetration condition
at the portion of the debonded interface where the particle and
the matrix come into contact. With the ﬁnite element contact algo-
rithms implemented in ANSYS, contact elements are used at the
interface between contacting bodies and the material non-penetra-
tion condition is imposed by using the penalty method, Lagrange
multiplier method or the combined penalty and Lagrange multi-
plier method (the augmented Lagrangian method).
The manner in which the ﬁnite element solution proceeds is de-
scribed as follows. The debonded particle–matrix interface is mod-
eled with surface contact elements. The normal component of the
relative displacement of the particle and matrix at the interface is
given by ½un ¼ umn  upn. Clearly, [un] > 0 and [un] < 0 indicate sepa-
ration and penetration of the particle and matrix, respectively.
Contact pressure is applied wherever [un] < 0 at the interface to en-
force the material non-penetration condition. For the augmented
Lagrangian method the contact pressure p is given by p = K[un] + k,
where K is the penalty parameter and k the Lagrange multiplier.
The value of k is computed iteratively until the material non-pen-
etration condition [un] = 0 is satisﬁed where the particle and matrix
come into contact. Note that k is deﬁned locally and its value may
vary with contact locations. It follows that the part of the particle–
matrix interface where [un] = 0 constitutes the contact region and
the remaining part of the interface constitutes the separation re-
gion where [un] > 0. It should be noted that in practice the non-
penetration condition is considered to be satisﬁed when j[un]j < e
for [un] < 0, with e being a sufﬁciently small compatibility
tolerance.
In order to determine the functional relations between the aver-
age stress of the debonded particles and the average matrix stress
and between the average debonded particle strain due to interfa-
cial debonding and the average matrix stress, the ﬁnite element
model needs to be constructed parametrically, with the parameters
Fig. 5. Finite element model of one-eighth of a unit cell of a bcc composite of
spherical particles.
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given average matrix stress rmi , a ﬁnite element solution is ob-
tained from the ﬁnite element model with the applied remote
stress set equal to the given matrix stress to yield both the average
debonded particle stress rdpi and the average strain of the debond-
ed particles due to interfacial debonding ci, providing the relations
as expressed by (16) and (17).
Since the ﬁnite element solution does not yield an explicit func-
tional relation between the average debonded particle stress and
the average matrix stress, in practice an iterative process is used
to solve for the average matrix stress resulting from the applied
stress r01 or r06 for the determination of Young’s modulus and Pois-
son’s ratio or the shear modulus of the composite. This iterative
procedure can be expressed as follows.
ð1 cpÞrmðnþ1Þi ¼ r0i  ð1 ndpÞcpBij rmðnÞj þ ndpcp rdpðnÞi
rdpðnÞi ¼ rdpi ðrmðnÞ1 ; rmðnÞ2 ; . . . ; rmðnÞ6 Þ ð29Þ
i ¼ 1;2; . . . ;6; n ¼ 0;1;2; . . .
where r0i ¼ 0 for i– 1 or r0i ¼ 0 for i– 6 depending on whether
Young’s modulus and Poisson’s ratio or the shear modulus is to be
determined, and rmðnÞi are the values of rmi at the nth iteration. At
the nth iteration a remote stress ﬁeld equal to rmðnÞi is applied to
the ﬁnite element model to obtain the average debonded particle
stress rdpðnÞi . It is found that under-relaxation is necessary for
convergence:
krmðnþ1Þi þ ð1 kÞrmðnÞi ! rmðnþ1Þi ð30Þ
where 0 < k < 1 is the under-relaxation parameter. For the present
problem the value k = 0.5 results in good convergence. Once the
converged values of the average matrix stress components are ob-
tained, the average debonded particle strain due to interfacial deb-
onding can be determined from (17) as given by the ﬁnite element
solution. From (14) and (15) the composite average strain can be
calculated, and then from (24) and (25), or (26) the composite
Young’s modulus and Poisson’s ratio or the shear modulus can be
determined.
4. Exact solution
If a particulate composite has a periodic particle packing
arrangement and all the particles are debonded, exact solution of
stiffness properties can be obtained through the use of a unit cell
with proper periodic boundary conditions. A composite with
body-centered cubic (bcc) packing arrangement of spherical parti-
cles is one example. A ﬁnite element model for one-eighth of a unit
cell of such a composite is shown in Fig. 5 (Because of symmetry
only one-eighth of a unit cell needs to be modeled).
When not all the particles are debonded, exact solutions are not
always possible for periodic particulate composite materials. One
simple case in which an exact solution of stiffness properties can
be obtained is that of a composite with bcc packing arrangement
with all the center particles debonded. It is apparent that in this
case the fraction of debonded particles has the value 1/3.
The Mori–Tanaka model says nothing about composite micro-
structure, and so it also admits composites with periodic packing
arrangement. The exact solutions of the stiffness properties of a
bcc composite with all the particles debonded and of a bcc com-
posite with all the center particles debonded will be compared
with the results based on the Mori–Tanaka approach. It should
be noted that the Mori–Tanaka method does not predict aniso-
tropic stiffness properties of particulate composites which are
not isotropic. Given that the Mori–Tanaka method is sufﬁciently
vague about inclusion packing arrangement, stiffness properties
predicted by the Mori–Tanaka method in the case of anisotropicparticulate composites with periodic packing arrangement such
as bcc packing may be considered, heuristically, as average stiff-
ness properties over all loading directions. Thus comparison of
Mori–Tanaka predictions of nonlinear bimodular stiffness proper-
ties of particulate composites containing debonded particles with
the exact solutions of stiffness properties of the bcc composites
considered here is informative as to whether the Mori–Tanaka
model adopted in this study gives good predictions.5. Results and discussion
The results for the calculated effective Young’s modulus, Pois-
son’s ratio and shear modulus of a particulate composite with par-
ticle–matrix interfacial debonding are presented here. The particle
material has Young’s modulus Ep and Poisson’s ratio mp, and the
matrix material has Young’s modulus Em and Poisson’s ratio mm.
The matrix shear modulus is denoted by Gm. Calculations of the
composite stiffness properties are carried out, under the assump-
tion of inﬁnitesimal strain, for various values of the particle volume
fraction cp, the particle–matrix modulus ratio Ep/Em and the frac-
tion of debonded particles ndp. The applied stress is r01=Em ¼ 104
or r06=Em ¼ 104. In the calculations Poisson’s ratios are set to
mp = 0.20 and mm = 0.38.
The ﬁnite element model used in the calculations contains
18,240 three-dimensional quadratic isoparametric elements and
216 surface contact elements. The mesh density is found adequate
for sufﬁcient solution accuracy. This is veriﬁed by examining the
differences in the results of the composite stiffness properties from
three meshes having 4992, 18,240 and 43,112 elements for a num-
ber of test cases. As an example, the stiffness properties for the case
of cp = 0.3, Ep/Em = 100 and ndp = 0.5 calculated using the three ﬁ-
nite meshes are given in Table 1, where Ne denotes the number
of elements of a given mesh.
Fig. 6 shows Young’s modulus as a function of the fraction of
debonded particles for various particle volume fractions. One can
see signiﬁcant stiffness reduction with the accumulation of parti-
cle–matrix interfacial debonding. Loss of stiffness is more pro-
nounced in tension than in compression and for composites with
higher particle volume contents. Under tension the stiffness rein-
forcement provided by the particles is lost rapidly, with the mod-
ulus dropping to that of the matrix when about half of the particles
are debonded. Under compression the stiffening effect of the
Table 1
Stiffness properties calculated with three ﬁnite element meshes for cp = 0.3, Ep/
Em = 100 and ndp = 0.5.
Ne E
T/Em mT EC/Em mC G/Gm
4992 1.07 0.277 1.54 0.432 1.30
18,240 1.06 0.275 1.53 0.434 1.29
43,112 1.05 0.275 1.52 0.434 1.28
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Fig. 7. Poisson’s ratio m versus the fraction of debonded particles ndp for various
particle volume fractions cp with the particle–matrix modulus ratio Ep/Em = 20.
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Fig. 8. Young’s modulus E/Em versus the fraction of debonded particles ndp for
various particle–matrix modulus ratios Ep/Em with the particle volume fraction
cp = 0.4.
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particles are debonded. Note that for a given fraction of debonded
particles, with higher particle volume fraction there are more deb-
onded particles per unit composite volume. Thus, while initially
stiffer, composites with higher particle volume fraction eventually
become less stiff than ones with lower particle volume fraction as
the fraction of debonded particles increases.
Fig. 7 shows Poisson’s ratio as a function of the fraction of deb-
onded particles for various particle volume fractions. One can see
signiﬁcant decrease in the tensile Poisson’s ratio and increase in
the compressive Poisson’s ratio with increasing number of debond-
ed particles. At ﬁrst glance the interpretation of the results for Pois-
son’s ratio is less intuitive than that of the results for Young’s
modulus, but becomes clear with reference to Fig. 2. As can be seen
in the ﬁgure, under uniaxial tension the particle–matrix separation
is oriented in the direction of the applied tensile stress, resulting in
a larger average strain in that direction with increasing number of
debonded particles. On the other hand the lateral contraction of
the matrix is constrained by the stiffer particles due to the local
particle–matrix contact at the debonded interface. Hence while
both the average longitudinal strain and the average lateral strain
increase with the number of debonded particles, the ratio of the
lateral strain to the longitudinal strain, which is Poisson’s ratio
by deﬁnition, becomes smaller with increasing density of debond-
ed particles. In contrast, under compression the particle–matrix
separation is oriented in the lateral direction, resulting in a larger
average lateral strain with increasing number of debonded parti-
cles. Compression of the matrix in the direction of the applied com-
pressive stress is constrained by the stiffer particles through the
particle–matrix contact at the debonded interface. Thus, even
though both the average longitudinal strain and the average lateral
strain increase with increasing number of debonded particles, theratio of the lateral strain to the longitudinal strain or Poisson’s ratio
becomes larger as the density of the debonded particles increases.
Figs. 8 and 9 show Young’s modulus and Poisson’s ratio as func-
tions of the fraction of debonded particles for various particle–ma-
trix modulus ratios. One can see substantial reduction in composite
stiffness caused by particle–matrix interfacial debonding, particu-
larly in tension and with higher modulus ratio. In tension when
about half of the particles are debonded, the stiffness reinforce-
ment provided by the particles is lost. In compression, however,
the stiffening effect of the particles is maintained over the entire
range of the fraction of debonded particles up to the point where
all the particles are debonded. The effect of the modulus ratio on
the tensile Poisson’s ratio is essentially negligible, and is moderate
on the compressive Poisson’s ratio.
Figs. 10 and 11 show Young’s modulus and Poisson’s ratio as
functions of the particle volume fraction for various fractions of
debonded particles. One can see that for values of the fraction of
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Fig. 9. Poisson’s ratio m versus the fraction of debonded particles ndp for various
particle–matrix modulus ratios Ep/Em with the particle volume fraction cp = 0.4.
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Fig. 10. Young’s modulus E/Em versus the particle volume fraction cp for various
fractions of debonded particles ndp with the particle–matrix modulus ratio Ep/
Em = 20.
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Fig. 11. Poisson’s ratio m versus the particle volume fraction cp for various fractions
of debonded particles ndp with the particle–matrix modulus ratio Ep/Em = 20.
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Fig. 12. Shear modulus G/Gm versus the fraction of debonded particles ndp for
various particle volume fractions cp with the particle–matrix modulus ratio Ep/
Em = 20.
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ulus increases with the particle volume fraction, indicating that the
reinforcement provided by the remaining intact particles is sufﬁ-
cient to compensate for the weakening effect of the debonded par-
ticles. When the fraction of debonded particles becomes greater
than 50%, the tensile Young’s modulus decreases with the particle
volume fraction. The compressive Young’s modulus, however, in-
creases with the particle volume fraction for all values of the frac-
tion of debonded particles. As can be seen, invariably the tensile
Poisson’s ratio decreases and the compressive Poisson’s ratio in-
creases with the particle volume fraction.
Figs. 12 and 13 show the shear modulus as functions of the frac-
tion of debonded particles for various particle volume fractions and
particle–matrix modulus ratios. Fig. 14 shows the shear modulus
as a function of the particle volume fraction for various fractions
of debonded particles. One can see signiﬁcant loss of composite
shear stiffness with the accumulation of particle–matrix interfacialdebonding, with stiffness reduction more pronounced for higher
particle volume fraction and for higher particle–matrix modulus
ratio. However, the reduction of the shear modulus is not as rapid
as that of the tensile Young’s modulus due to the stiffening effect
provided by the particle–matrix contact at the debonded interface
under shear deformation. The complete loss of stiffness reinforce-
ment, as indicated by the shear modulus falling below that of the
matrix, does not occur until after the fraction of debonded particles
has reached about 70%. While initially stiffer, composites with
higher particle volume fraction eventually become less stiff in
shear than ones with lower particle volume fraction as the fraction
of debonded particles increases.
Young’s moduli and Poisson’s ratios of composites having bcc
packing of spherical particles with all the particles debonded and
with all the center particles debonded (i.e., one-third of the parti-
cles are debonded) are calculated at various particle volume frac-
tions by using the ﬁnite element model of one-eighth of a unit
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Fig. 16. Comparison of the Mori–Tanaka results for Young’s moduli of composites
with various particle volume fractions to those of composites of bcc packing, with
ndp = 1/3, Ep/Em = 20, mp = 0.20 and mm = 0.38.
2198 H. Teng / International Journal of Solids and Structures 47 (2010) 2191–2200cell of Fig. 5. These results are compared to those of the Mori–
Tanaka model. The comparisons are shown in Figs. 15–18. The
agreement between the stiffness properties of a generic composite
of unspeciﬁed particle packing arrangement obtained from the
Mori–Tanaka model and those of a composite with bcc packing
arrangement is remarkably close.
It is worth noting that a related study on using the ﬁnite ele-
ment method to determine the transverse stiffness properties of
unidirectional ﬁber composites containing completely debonded
ﬁbers has been done by Teng (2007). In that study the ﬁber com-
posites have periodic square ﬁber packing arrangement. And un-
like the periodically distributed debonded particles of the
particulate composites with body-centered cubic packing arrange-
ment considered in this study, the debonded ﬁbers are randomly
distributed, which precludes the use of a unit cell for stiffness pre-
diction. Instead, representative volume elements of the ﬁber com-posites are used. While the Mori–Tanaka solution is approximate,
both the unit cell solution and the representative volume element
solution are exact ones. Just as the stiffness properties of the bcc
particulate composites are not isotropic, the transverse stiffness
properties of the ﬁber composites with square packing are not
transversely isotropic. In this regard, the Mori–Tanaka method
adopted in this paper can be applied to unidirectional ﬁber com-
posites of random ﬁber packing containing debonded ﬁbers, and
the stiffness properties predicted by the Mori–Tanaka method will
be transversely isotropic.
In the study presented here the fraction of debonded particles, a
measure of the extent of particle–matrix interfacial debonding
damage, appears merely as a parameter. In general the fraction
of debonded particles depends on the applied loading, among other
factors, likely with a functional relation of Weibull type. Such a
relation deﬁnes the damage evolution law. At present, relevant
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Fig. 17. Comparison of the Mori–Tanaka results for Poisson’s ratios of composites
with various particle volume fractions to those of composites of bcc packing, with
ndp = 1, Ep/Em = 20, mp = 0.20 and mm = 0.38.
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Fig. 18. Comparison of the Mori–Tanaka results for Poisson’s ratios of composites
with various particle volume fractions to those of composites of bcc packing, with
ndp = 1/3, Ep/Em = 20, mp = 0.20 and mm = 0.38.
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sults presented. The type of highly controlled experiments that
would be needed for such comparison is likely very difﬁcult to con-
duct. Finally, it should be noted that the composite containing deb-
onded particles is an isotropic nonlinear material. As such there is
no simple relation between the shear modulus and Young’s modu-
lus such as the one that exists for an isotropic linear material.
Appendix A
For a single particle in an inﬁnite matrix under a remote stress
ﬁeld r0 the stress concentration tensor B relates the particle aver-
age stress rp to the remotely applied stress r0:
rp ¼ Br0 ðA1ÞAlternatively the particle average strain ep is related to the corre-
sponding remote strain ﬁeld e0 through the strain concentration
tensor A:
ep ¼ Ae0 ðA2Þ
The strain concentration tensor can be expressed in terms of the
stiffness and compliance tensor of the particle material Cp and Sp,
respectively, the stiffness tensor of the matrix material Cm, and
Eshelby’s tensor S as follows.
A ¼ ½I þ SSmðCp  CmÞ1 ðA3Þ
where I is the unit tensor. By using the relationships rp ¼ Cpep and
e0 = Smr0, where Sm is the compliance tensor of the matrix material,
one has
rp ¼ CpAe0 ¼ CpASmr0 ðA4Þ
It follows that the stress concentration tensor is given by
B ¼ Cp½I þ SSmðCp  CmÞ1Sm ðA5Þ
With the notations given in (10) and (11) the components of the
stiffness and compliance tensors of the particle and matrix materi-
als, and the components of Eshelby’s tensor are reduced to Cpij, C
m
ij ,
Spij, S
m
ij and Sij. For the case of a spherical particle and an isotropic ma-
trix, the components of Eshelby’s tensor are
S11 ¼ S22 ¼ S33 ¼ 7 5mm15ð1 mmÞ
S12 ¼ S13 ¼ S21 ¼ S23 ¼ S31 ¼ S32 ¼ 5mm  115ð1 mmÞ ðA6Þ
S44 ¼ S55 ¼ S66 ¼ 4 5mm15ð1 mmÞ
with all other components being zero. The stress–strain relations
for either the particle or the matrix material are
ei ¼ S0ijrj ðA7Þ
ri ¼ Cijej ðA8Þ
i ¼ 1;2; . . . ;6;
where Cij are the components of the stiffness tensor and the compo-
nents of the compliance tensor are written as S0ij to avoid confusion
with the components of Eshelby’s tensor Sij. The nonzero stiffness
and compliance tensor components are
S011 ¼ S022 ¼ S033 ¼
1
E
S012 ¼ S013 ¼ S021 ¼ S023 ¼ S031 ¼ S032 ¼ 
m
E
ðA9Þ
S044 ¼ S055 ¼ S066 ¼
2ð1þ vÞ
E
C11 ¼ C22 ¼ C33 ¼ Eð1 mÞð1þ mÞð1 2mÞ
C12 ¼ C13 ¼ C21 ¼ C23 ¼ C31 ¼ C32 ¼ Emð1þ mÞð1 2mÞ ðA10Þ
C44 ¼ C55 ¼ C66 ¼ E2ð1þ mÞ
where E and m refer to Young’s modulus and Poisson’s ratio of either
material.
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